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1 Default reasoning and rules

1.1 Default theories

1.1.1 Default rules
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e (p—prerequisite
e 1,...,Y,—justifications (j(d)—set of all justifications of d)
e x—consequent (¢(d)—consequent of the rule d)
Informal interpretation: If a prerequisite ¢ is known and all justifications 1, ..., ¥,

can be consistently supposed, then conclude .

Default theory Let I" be a set of formulas and D a set of defaults (i.e., default
rules). Deafult theory T is a couple (T, D).

1.1.2 Operational semantics

Let us form sequences of defaults from D without multiple occurence: II; =
(do,d1,...), Iz, etc. The ordering of defaults is an order of their application.
For each I we define:

InIl = Cn(T' U {c(d) : d € I1})

Outll = {~¢ : (3d € M)(¢ € j(d))}

Both sets must be understood as arising step by step, i.e., default by default,
according to an order in II.

A default d = w is applicable iff ¢ is included in (so far arised) Inll
and 11, ...,1, are not in a contradiction with (so far arised) InIl.
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Definition 1 II is process of T iff each d € 11 is applicable.

Definition 2 Let II be a process.
e II is successful iff InIl N OutIl = (. Otherwise it is failed.

e II is closed iff all defaults from D applicable (in the order) are in II.

Definition 3 (extension) A set of formulas E is an extension of T iff there
1s a successful and closed process 11 such that E = Inll.

Exercise 1 Let T = (I, D) be a default theory where T' = () and D = {Z%}.

Check whether T1; = () and Iy = (Z%) are processes. If so, are they successful
and closed?

Solution: Since all defaults in II; are applicable, II; is a process, but it is
not closed because of the applicability of Z*. Let us check this. There is no
prerequisite and « is consistent with the O-step Inll, = CnI'. It means that
II; is a closed process. After the application of the default we get Inll, =
Cn(T'U {—a}) and Outlly = {—«a}. Thus, I, is failed. We can conclude that T'
has no extension.

Exercise 2 Let I' = {-p,q} and D = {%*}. Has T = (I', D) any extension?

Exercise 3 Let T = (0, {2, 2}). Try to find an extension.

-q’r

Hint: There are two closed processes: (£) and (31, 2£). Are they successful?

Exercise 4 Let I' = {studentOfPhilFaculty, studentOfLogic} and D = {dp,d;}
where

studentOfPhilFaculty :—likeMath

* do= ~TikeMath
o di — studentOfLogic :likeMath
L= likeMath

Find any extension.
Hint: There are two extensions.
Exercise 5 Why do we not require Outll to be deductively closed?

Fact 1 (minimality of extensions) Let Ey, E5 be extensions of T and E; C
EQ, then E1 = EQ.

Exercise 6 Prove Fact 1.

Theorem 1 (consistency preservation) T = (T', D) has an inconsistent ex-
tension iff T+ L.

As a consequence we get



Fact 2 If T has an inconsistent extension E, then E is its only extension.

Exercise 7 Let T = (I',; D). Prove: if TU{¢1 A ... ANy A : %} 18
consistent, then T has exactly one extension.

Theorem 2 (cautious monotony in declaratives) Let E be an extension
of T = (I', D), then E is an extension of T' = (' UA, D) for every A C E.

Fact 3 FEvery finite process of a default theory T can be extended to a closed
process.

Exercise 8 Prove Fact 3.

1.2 Normal default theories

Normal default theories include only rules of the form

PX
X

See, e.g., Exercise 4.

Theorem 3 Let T be a normal default theory. If I1 is a process of T', then 11
18 successful.

From Fact 3 and Theorem 3 we get

Theorem 4 (existence of extensions) If T is a normal default theory, then
T has an extension.

Theorem 5 (monotony in defaults) Let Ty = (T, D1) and Ty = (T, D3) be
normal default theories such that D1 C Dy. Then each extension Ey of Ty is a
subset of some extension FEo of Ts, i.e., E1 C Fs.

See Exercise 4: putting both extensions together we get an inconsistent set.

Theorem 6 (orthogonality of extensions) If a normal default theory T has
two different extensions FEy and FEs, then Fy U Ey is inconsistent.

Fact 4 If T = (I', D) has two different extensions, then 't/ L.
Exercise 9 Prove Fact 4. Is it valid for general default theories?

Exercise 10 FEzxpanding the set of defaults of a normal default theory T does
not decrease the number of extensions.

Hint: Take Ty = (I',D;), To = (T, D) such that D; C D and show that
two different extensions of T; cannot be included in one extension of 1. Use
Theorem 6.



1.2.1 Representation in normal default theories

Definition 4 Two default theories are equivalent (Th = Ty ) iff Th and Ty have
exactly the same extensions.

Exercise 11 1. If CnT'y = CnT'y, then (T'y, D) = (T'a, D), for every D.
2. (I,D)=0,DU{;:peT}).

3. Let do = #3te, dy = Eheste and dy = #0z=te Then (T, D U
{do}) = (I, DU{d;,ds}), for every T and D.

4. Letdo—% dl_w anddz—w. Then
(T,DU{do}) = (I‘ D u{d;,dz2}), for every T and D.

Definition 5 Let D be a class of default theories. A theory T is representable
in D iff there is a theory T' € D such that T =T".

Exercise 12 Let N be a class of all normal default theories. Show that N does
not represent all default theories.

Hint: Theorem 4 and, e.g., Exercise 1.

Exercise 13 Let N be a class of all normal default theories. Show that N does
not represent all default theories possessing extensions, either.

Hint: Consider a theory (0, { = ), make its extensions and use Theorem 6.

q’p
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